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Variational Extension of the Mean Spherical
Approximation to Arbitrary Dimensions
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We generalize a variational principle for the mean spherical approximation for
a system of charged hard spheres in 3D to arbitrary dimensions. We first
construct a free energy variational trial function from the Debye—Hiickel excess
charging internal energy at a finite concentration and an entropy obtained at
the zero-concentration limit by thermodynamic integration. In three dimensions
the minimization of this expression with respect to the screening parameter
leads to the mean spherical approximation, usually obtained by solution of
the Ornstein-Zernike equation. This procedure, which interpolates naturally
between the zero concentration/coupling limit and the high-concentration/
coupling limit, is extended to arbitrary dimensions. We conjecture that this
result is also equivalent to the MSA as originally defined, although a technical
proof of this point is left for the future. The Onsager limit T ASMSA/4EMSA - ¢
for infinite concentration/coupling is satisfied for all d#2, while for d=2 this
limit is 1.

KEY WORDS: Ionic mixtures; mean spherical approximation; variational
approach.

1. INTRODUCTION

It is a pleasurg to contribute to this issue in honor of Bernard Jancovici,
a true great man in the theory of Coulomb systems.

The mean spherical approximation (MSA) was originally formulated
in 3 dimensional space’*? as a linearized closure to the Ornstein~Zernike
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equation. For ionic system MSA closure is the linearized Poisson-Boltzmann
equation, which is also the starting equation of the Debye—Hiickel (DH)
approximation,’® since the Fourier transforms of the MSA equations and
the DH equations are the same, except for the discontinuities contributions
coming from the boundaries. For the most general case of arbitrary
mixtures of charged hard spheres the analytic solution of the MSA in 3
dimensions is given in terms of a single scaling (screening) parameter I".¥
Furthermore the thermodynamic-electrostatic excess properties such as the
internal energy, Helmholtz free energy and entropy, derived from the inter-
nal energy by thermodynamic integration yield explicit formulas® ¢ which
are isomorphic with those of Debye and Hiickel, except for the fact that the
Debye parameter x is replaced by the scaling (screening) parameter I. In
spite of this similarity in the thermodynamics, the MSA pair correlation
functions are not simple exponentials, as is the case in the DH theory, but
reflect the excluded volume of the ions in the ionic cloud, and are therefore
oscillating functions.”® The excluded volume effect makes the ionic cloud
larger, and in fact in the high density-high coupling limit

s M2 (1)

One of the remarkable facts of the MSA-like theories is that for a
variety of systems in 3D, which includes systems with not only hard cores
but other types of interactions such as associating interactions,”® the
thermodynamic charging excess functions obtained from the internal
energy by integration of

6ﬁAAMSA

B AEMSA, (2)
are of the general form:
AAMSA = AEMSA _ T ASMSA, (3)
where
apr= Y @)
and

3
ASMSA = _k g— (5)
T
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where the symbols are those of ref. 7, namely p,, z*, o, are the density,
effective charge and diameter of ion i, ¢ is the dielectric constant, T is the
absolute temperature and k is the Boltzmann constant.

In a previous paper® the observation was made that all the MSA
results Egs. (3-5) could be obtained by minimization of a functional which

is identical to the MSA excess free energy 44™54
a A AMSA
—ar 0. (6)

The MSA is the variational problem in which an approximate (the so-
called ring sum) free energy 44™54 is minimal('®

[ 4AMSAT =0. (7)

This interpretation was already present in the original work of Percus and
Yevick.®® Differentiation of equation (6) yields explicitly

9 4AMSA 9 AEMSA 9T 4SMSA Zpi(ez,?")z[ 1 } r_,
- _ - : -0

ar ar ar e |0xonT%~

i

(8)

which is an algebraic equation for the new scaling parameter I, and is the
correct closure equation for the MSA.

When all the ions have the same diameter ;= o then Eq. (8) simplifies
considerably, and we recover the primitive model result,’” which is a
simple quadratic for I

(1 +2x0) = (1 +2I0)% (9)

The solution of this equation is

I'=(1/20)(/(1 +2x0) —1). (10)

For low concentrations we get back the DH theory. At infinite coupling we
get Eq. (1).

A more formal justification of this result can be found using the varia-
tional principle for the ring diagram sum*® in which the minimization of
the ring diagrams sum with respect to the direct correlation function yields
the MSA, in combination with the scaling principle for the MSA, which
requires a single parameter for any given mixture of charged hard spheres.
We extend this principle to arbitrary dimensions. The conjecture is that this
generalization of the 3 dimensional variational derivation of the MSA to
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arbitrary dimensions should correspond to the Ornstein-Zernike based
MSA.

The limit of infinite dimensions has been investigated for different
many body problems(!!-1%13.14 because it represents considerable sim-
plifications in the computational algorithms, and also because of insights
that it gives for problems such as criticality and percolation. We consider
here the restricted primitive model for a ionic mixture of d-dimensional
hard hyperspheres of diameter ¢ with centrally located charges ez;, where
e is the fundamental charge. The medium and the ions have uniform dielec-
tric constant &. The method is a generalization of the variational method
proposed in earlier work® to arbitrary dimensions. In Section 2, we review
the Debye-Hiickel theory,'> which is the exact limiting theory of ionic
solutions for low concentrations, but which does not properly include
hard-core interaction condition

g(r)=0, r<o. (11)

In the MSA, the hard-core interactions are properly included, while the
same linearized Boltzmann approximation is used for the charged part. The
hard core exclusion interactions prevent the collapse of the system, since
the volume occupied by the ions prevents the formation of pairs of
unbounded energy. As it was recently shown, a variational method® will
reproduce exactly the results obtained by analytic solution of the MSA
integral equations in 3 dimensions. We assume then that this is true for any
dimensionality. This conjecture is based on the analysis of Chandler and
Andersen,'” who showed that the minimization of an approximation to
the Helmholtz free energy, consisting of the sum of ring diagrams, is equiv-
alent to the MSA ring diagrams, which we conjecture to be valid in any
dimensionality. A detailed proof of this conjecture is left for a future publi-
cation. This point was is also discussed by Percus.®> We derive the DH
expressions in any dimension, using an extension of the variational prin-
ciple® to derive the closure relation for the screening parameter I'. Finally,
we study the Onsager limit""%!” T AS/AE for the infinite density limit.

2. DEBYE-HUCKEL THEORY

Since our results are based on the generalization of the Debye-Hiickel
theory we give a short account of these results:!!®) The electrostatic poten-
tial at a distance r from ion i, ¢,(r), must satisfy Poisson’s equation:

Q
Vigi(n=-=24,), (12)
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where V2 is the Laplacian in d-space,

229

4= Tam) (3

is the surface of the d-dimensional unit sphere, and ¢,(r) is the charge
density at r, which is found by adding the contributions of all ions
surrounding i:

gi(r)=e z ij§"(r)- (14)

The density of ions in the neighborhood of i can be expressed in terms of
the pair correlation function,

P20 _p ) 15
gu(r) P Pi ' (13)

From an analogy to the compressible fluid model with density proportional
to the pressure, the pair correlation function is

gy(ry=e=n, (16)

where w;(r) is the potential energy due to the interaction of i and j. We
write this potential energy as

wij(r)=uij(r)+Cij(r) “y(r)zezj¢i(’), (17)

the first term being purely electrostatic interactions. If all non-electrostatic
interactions (including hard cores) are small compared to the electrostatic
interactions ({;(r) = 0), and since when r is very large ¢,(r) must be small,
we can linearize the exponential:

gy(r) =1~ Pze;p,(r). (18)
Substituting into Poisson’s Eq. (12) we obtain the DH equation:!®
Vid(r)=x’¢,(r) r>o0, (19)
where
K?= Qdfaz Y Pz}, (20)
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and o is the diameter of the hyperspheres. The solution of the DH equation

is accomplished transforming to spherical coordinates.**> The radial part
of the Laplacian is

1 ¢ 3}
a_ L O0f 4109
V“'_r"‘I or <r 6r>’ 2D
and we find

d*¢, d—1d¢, ,
W—*— ; dr —K ¢,—O r>o, (22)

whose general solution is
1
$:(r)=—zm=1 [4:Kis2_i(kr)+ Blyp 1(xkr)]  r>o0, (23)

where K (x) and I,(x) are the modified or hyperbolic Bessel functions. The
boundary condition when r — oo requires that B,;=0. For r < g, the centers
of the ions surrounding i are not included and the potential must satisfy
Laplace’s equation:

Vig:i(r)=0 r<ao, (24)

which yields, for 0 <r<o

C,1n(D,7) d=2
hn= ——————(d_f)‘,d_ﬁbi d>2 (29)

The values of the constants are determined by the boundary condi-
tions at r =¢ (continuity of the potential and of the electric displacement),
and Gauss’ law. We find

—ei'[lni —If‘l(ﬁ‘f)—] O<r<o d=2

£ a_xaKl(xa)

¢:(r)=

ez, + ez; [Kyp (ko) 1

e(d—2)r"? " e0? % | koK plko) d—2
eZin/z _1(xr)

eka K (ko) r? !

] O<r<o d>2

r>o (26)
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where the average electrostatic potential acting on the ith ion fixed at the
origin due to all other ions in the solution is

ez, Ky(xo)

K, (<o) =2
exoK, (ko
($p>= ' (27)
ez; [ Kyn_ (ko) _ 1 J d>2
ed“"2 | koK (ko) d—2
This charge distribution satisfies the local electroneutrality condition
—ez={ dr @), (28)

which can be verified by direct substitution. The expression for the excess
energy per unit volume is‘*>

AEMSA=1Y po. f dr 2,07 uy(r) g,(r). (29)
iLj 4

Therefore, we find

—kKy(ko) d=2
AEMSA _ dnofK (ko) (30)
RIAR) Kip_oka)

—4d—2)n 702K 45(K0)

To identify the behavior of 4EMSA in the limit of infinite dimensions,
we use the asymptotic expression for large order v2”

Koo~ [ratmm it Lol e

where
u(t) =1, (32)

uk(t)

U (1) =(1—17) 5= >

j(1—5x2)uk(x)dx k=0,1,2,.., (33)

1
J1+z%
=,/1+zz+1n1—-——z———, (35)

+

1+ 22

t= (34)
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to find

_m 2 2\ v
K~ [ () e ov, G0

and, to leading order in v~!

KV—G(Z)
K(z)

z a
<2(v—a)> ZLV—a— 0. 37)

With the appropriate substitution in the previous equation, (30) becomes

4.4
MsA k*c*I(D/2) d
4E Hd-2@d-n"ep T (38)

and since d is large, Stirling’s approximation for the Gamma function can
be readily used to find

AEMSA ~

4_4_1/2 d—2\9"
K'c*n'ce ( ) (39)

T 2d—2) (d— 4)B \ 2neq?

3. LIMIT FOR DILUTED SOLUTIONS

For very diluted solutions, where « is very small, we may approximate
the hyperbolic Bessel functions in (30) by their asymptotic form to obtain

(<

[In(xa/2) + 7] + O(x*) d=2

4np
k(2 —dJ2) .
T 2d—2) 8 + O0(x") 2<d<4
4
AEMSA - < %2,—8 [In{xo/2) +y] + 0(K6) d=4 (40)
K*T(d)2—2)
T 16(d—2) nd/Zo.d—4ﬂ+ O(x?) 4<d<6
x*T(d[2—-2)

+0(k%) d=6

\ 16(d—2) n%67~%p
We now consider

A4MSA = JEMSA T 4SMSA, (41)
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SMSA

where 44M5A is the excess Helmholtz’s free energy and 4 is the excess

entropy due to the charges. From this expression, we obtain
8
AAMSA .___.lj‘ dﬁ’ AEMSA(ﬁ'), (42)
B

which is equivalent to the charging process used in the DH theory to derive
thermodynamic functions. After using (40)

r-lc—z— [In(xo/2) +y—1/2] + O(x*) d=2
4nf v
x4I(2 —dJ2)

AAMSA=< x [In(ka/2) +y—1/41+ O(x®) d=4 (43)

3277

- 32(;:F;§_;l/jd/—202d)_4ﬂ + O(x) 4<d<6

\ 32(;?53164;;2_4[3 + O(x®) d>6

Now we return to (41) to find

( 87’;/;T+ Ox*) d=2

_%*'O("“) 2<d<4
ASMSA _ < 3—2,’:2%]‘[1“’(0/2)4"?4_1/4]4'0("6) d=4 (44)

B 32(dx_412*()d£¢2ﬂ;314 GT T O(x%) 4<d<6

KNA2=2) e ot

\ 32(d—2) n%%e? BT

Onsager'® observed that the internal energy of charged, conducting
systems consisting of convex particles with a hard repulsive core has an exact
lower bound. The Onsager result also implies that the excess entropy diverges
at a slower rate than the excess energy in the limit of infinite coupling,!”’ thus
in the Onsager limit

MSA
lim 745"~ =0. (45)

x—oo AEMSA

822/89/1-2-15
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It can be verified that this limit is verified for the multidimensional
generalization of the MSA. In other words the MSA interpolates between
the Debye~Hueckel low density limit, where both theories are identical,
to the high density/high coupling limit where the internal energy is the
dominating contribution, given by the finite size capacitor model.

4. THE MEAN SPHERICAL APPROXIMATION

The MSA is introduced to satisfy both the low coupling limit given by
the DH theory and the infinite coupling limit determined by the Onsager
limit.!” The theory is developed using the spherical capacitor model. The
radius of the capacitor is the radius of the central ion plus the width of the
ionic cloud, A, =1/2r". The value of the screening parameter, I, is obtained
by minimizing the excess Helmholtz’s free energy in the form

AAMSA = JEMSA _ T 4S¥SA, (46)

The excess internal energy (30) is written in terms of I" and the excess
entropy is obtained from Eq. (44) by simply substituting x =271

(L d=2
28T -
d ——
-4z 5(3,2 ;1,/2) 2<d<4
ASMSA:J L (47)
m[ln(l‘a)+y+l/4] d=4
Ir*r(dpR-2)
- d>4
\ "~ 2(d—2) a7 BT z
The excess Helmholtz’s free energy is found to be
AAMSA =
2 2
[ _e’Ky(2do) Zp.-z?-r— d=2
4I'ceK (2I0) 5 Y 2B
e’K _o(210) , Tr2—dp)
< —Z(d—2) ad_std/z(zra)Zi:/’:Z.- dn“*g 2<d<4 )
e’K,(2I'c r#
bt TP = 5 () + 7+ 14] d=4
e’Ky_5(2I0) 2 r*‘rdpr-2)
\ " 2(d—2) 0"~ %K,,(2I0) LpE S gy 474

i



Variational Extension of MSA to Arbitrary Dimensions 213

The MSA is the minimization of the excess free energy:(!®

6(44MSA) =0, (49)
which reduces to
aAAMSA
—=0 50
L—=0, (50)

since 4A™5A is a function of the single parameter I'. Substituting (48) into
the previous equation, we find

449212 —dj2) 2<d<4
—4r*e*[2In(Io)+2y+1] d=4

k*I(d)2) ¥, (2Io) = . 1)
82 -2) e
d—-2
where
Td(x)=1—(d_2) Kip_ilx) Kop_i(x) (52)

XK 4(x) K¢2i/2(x) )
For odd d, ¥ ,(x) becomes a rational function of x:

22n+1) G,(x) _4x*G3(x)
G,(x) Gir(x)

Ponsalx)=1- n=0,1,2,3,. (53)

where
n @n—pt _
G (x) - (2x) n+ 1/2(x) 2 ( (2 ) h= 09 l, 2’ 3:"'

D
(54)

and (51) becomes an algebraic equation in I". To obtain the behavior of the
quotient in (45) in the infinite coupling limit, we use the asymptotic form
of (51),

45 %g?
2I'o+1 d=2
8T+ 164~ 1[(2 ~ dJ2)
lim Nd2)={ d—2 2<d<4 (o

4r’g’[2In(I'e) +2y+1] d=4
16763 T(d)2 —2)
(d-2)°
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into (30) and (47) to find

Iim —— e~
'~ o0 AEMSA

(56)

TASMSA 1 d=2
Ir-'-0 d>2

and therefore, the MSA satisfies the Onsager limit for infinite coupling for
all d#2.
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